In order to evaluate the utilization of variable ATP concentration produced by an oscillatory reaction (as in anaerobic glycolysis), we analyze the thermodynamic efficiency of power output of a cyclic, ATP-driven proton pump found in the plasma membrane of plant cells. The model used includes the coupling of potassium and calcium ion transport. Oscillations in the concentration of ATP can lead to either increases or decreases in efficiency compared to that at constant ATP concentration, with corresponding decreases and increases in dissipation in the irreversible processes of the proton pump, depending on the frequency of the oscillations. Variations of imposed frequencies induce, in the periodic response, variations of phase shifts between the components of the total membrane current, which consist of the pump's proton current and the currents of potassium and calcium ions. Increases in efficiency are attained when the phase shifts are such that maxima (or minima) in the proton pump current and membrane potential occur simultaneously.
Introduction
In irreversible processes there occurs dissipation which, at constant temperature, is defined as the product of the temperature times the rate of entropy production and, for chemical reactions, equals -AG(rate), where AG is the Gibbs energy difference between products and reactants, and the rate is the rate of appearance of products. For nonlinear reactions of certain types, including oscillatory chemical reactions, the imposition on the reaction of an external periodic variation of a constraint of given amplitude and frequency can alter the dissipation and hence the efficiency of the process. In this article we analyze theoretically the thermodynamic efficiency of a proton pump, in which the energy input comes from ATP, and compare the efficiency of the pump with oscillatory concentration of ATP at various amplitudes and frequencies to the efficiency of that pump at constant concentration of ATP.
The present work on the utilization of ATP and the issue of advantages of an oscillatory vs. constant concentration of ATP is a sequel to earlier theoretical studies on glycolysis in which ATP is produced (1) (2) (3) (4) . With a constant concentration of glucose, glycolysis is oscillatory under anaerobic conditions (5) (6) (7) (8) . The thermodynamic efficiency of the free energy transduction from glucose to ATP can be increased in the oscillatory mode compared to that of the production of ATP at stationary conditions for the same rate of glucose input, with the result that the oscillatory production ofATP requires no additional work and the average ATP concentration produced is larger than under nonoscillatory (stationarystate) conditions.
Here we inquire into the utilization of ATP produced under oscillatory conditions and turn for that purpose to a study of a proton pump as an example. We choose the class of proton pumps found in the plasma membrane of yeast cells (9) (10) (11) , Neurospora (12, 13) , and higher plant cells (14) . These proton pumps consist of a membrane-bound enzyme that catalyzes the processes in which ATP is hydrolyzed and protons are transported across the membrane against an electrochemical gradient. We study the effects of oscillations in the concentration of ATP on the efficiency of the proton pumps in utilizing the Gibbs energy made available per unit time from the hydrolysis of ATP. We do this by comparing the proton pump in two modes of operation: In one mode, the steadystate mode, the ATP concentration is held at a fixed value, and in the second, the oscillatory mode, the ATP concentration oscillates around this constant value. The average ATP concentration and all other constraints are the same in both modes.
In formulating the mechanism of the proton pump, we require certain nonlinearities in order to find a reduction of dissipation and enhancement of efficiency under oscillatory compared to stationary-state conditions. The minimum elements of a proton pump, although nonlinear, lead only to monotone relaxation kinetics. However, by including the coupling of other ion-transport processes, such as those of potassium and calcium, to the proton pump, we find that such systems behave like a damped oscillator [which has been observed in experiments (12) ]. With that property a reduction in dissipation is feasible.
Model of Proton Pump
In this section we present the model we chose for the proton pump, as well as the transport of potassium and calcium ions across a cellular plasma membrane.
The Proton Pump. The reaction sequence of a model for the cyclic, ATP-driven proton pump is shown in Fig. 1 . Beginning with step 1, on the inner surface of the membrane, the uncharged enzyme (X) is phosphorylated. In step 2, a proton binds to the phosphorylated enzyme. The enzyme releases inorganic phosphate (step 3), retains Gibbs energy from hydrolysis, and then undergoes conformational changes or transits (step 4). The last step involves moving charge across the membrane, and the associated rate coefficients depend on the membrane potential. At the external surface of the membrane the enzyme releases the proton (step 5) and then becomes accessible for rephosphorylation by undergoing transit or conformational changes (step 6) to the initial state. In this model the carrier concept is only a convenience; the exact "mobility" properties of the enzyme are not known. Following ref. 13 , we reduce the model by combining steps 5, 6, 1, 2, and 3.
The rate coefficients k2 and kL2 (see step 4 in Fig. 1 where F is Faraday's constant, R is the gas constant, Tis the absolute temperature, and A4, is the membrane potential (the potential is defined to be positive for states in which the average charge is more positive on the outside of the cell). This form ofthe rate coefficients follows from the assumption that the barrier kinetic model with a symmetric barrier (13) describes the rate of moving charge across the membrane.
Coupling to Other Transport. The electrochemical gradient formed by the proton pump is coupled to other ion-transport processes (15) (16) (17) (18) (19) , with rates depending on the value of the membrane potential; the transport of these ions in turn changes the value of the potential. We include only the transport of calcium and potassium ions through channels (17) , and a leakage current, all of which are coupled to the proton pump through the membrane potential. We omit Ca2l antiport systems (18) , active nutrient transport (19) , effects of ions on ATPase activity (20) , etc.
Equations of Motion. We consider the outside and inside proton concentration held at fixed values. The rate of pumping of protons from inside to outside is balanced by an inward flux of protons and ionization processes. We assume the concentration of inorganic phosphate to be buffered and to remain constant. With these assumptions, we write the equations for the rate of change of the concentration of enzyme on the inside of the membrane, Xin, as
where XT is the total ATPase enzyme concentration and the constant proton and inorganic phosphate concentrations are combined into the rate coefficients. 
and v1 and v2 are constants; T is the potential-dependent relaxation time
The form of N is given by
where V3 and V4 are constants. This form follows from the same model as applied to M but with the potential-dependent relaxation time taken to be always very small so that N is assumed to be at its asymptotic value at all times.
Efficiency
We define the thermodynamic efficiency of a proton pump by 71 = ((/4H+ -/H,)jc + A4/Ip)/(-AGhYdihYd) [ which the relative efficiency is greater than one. The second set of constraints (higher potassium and calcium conductance) specifies an autonomous system that is near a Hopf bifurcation. As this bifurcation point is approached, a second maximum occurs in the relative efficiency that is located apprQximately at w/fot = 2 and there are two ranges of frequency with increased efficiency. A thorough investigation of the higher range of frequencies remains to be completed, so we restrict the discussion to increases in efficiency that occur in the lower range.* Changes in efficiency with frequency of variation of ATP concentration are related to phase shifts of fluxes (currents) and forces (Gibbs free energy differences and potentials) due to the nonlinearities in the reaction mechanism. In Fig. 3 we have plotted a calculation of the membrane potential, the proton current, and the total current for two different frequencies of ATP perturbations. As the frequency is varied the curves for the proton current are nearly superimposed and the phase shifts induced in the proton current are very small; the phase shifts in the total ion current are substantially larger.
Oscillations in the voltage, by definition, always follow those of the total current by a phase of ir/2. However, there is a phase difference between the proton current and the total current, which depends on the frequency. In certain frequency ranges, the maxima of the proton current lag behind those of the total current with the phase of ir/2, so that the maxima in the proton current and potential are in phase (solid curves in Fig. 3) . Note that at the ratio wl/co = 0.65, where w is the frequency of perturbation and " is the relaxation frequency, the phase shift between the maximum in the proton current and the maximum in the membrane potential is =0 and the relative efficiency is 1.035, whereas at the ratio wl/o = 1.15 the phase shift between these maxima is ='ir/2 and the relative efficiency is 0.978.
These results of the calculation of phase shifts can be understood by first examining the relaxation of the currents in the steady-state mode. When the frequency of a periodic perturbation has a value close to the relaxation frequency, the response of a variable that undergoes a rapid monotone relaxation has a phase that changes less with respect to variations in the frequency of perturbation than that of a variable that returns to the steady state with an oscillatory component and a longer relaxation time (compare the phases between the over-damped harmonic oscillator and the underdamped oscillator on p. 274 of ref. 21 ). In Fig. 4 we have plotted a calculation of the effect of an impulse of excess ATP on the total system consisting of the proton pump and coupled ion currents in the steady-state mode: the proton current is highly damped, whereas the total ion current is much less so.
Consider next the response of the system when the ATP Ah mv 20 eA/CM2 concentration oscillates periodically around the constant value used in the steady-state mode. Fig. 5 shows a sketch of the feedback loops in the mechanism. The perturbation occurs in the reaction step corresponding to the inward movement of the ATPase, and this part of the pump becomes entrained to the perturbation. The periodic disturbance is relayed through the enzyme concentration Xi, (step 1 in Fig.   5 ) to the next step of the pump, the translocation of charge against the membrane potential, which corresponds to the proton current Ip (step 2 in Fig. 5 ). There are additional feedback loops which influence the variation in the proton current (see steps 12 and 13 in Fig. 5 ). However, due to the rapid damping of the proton pump, the phase relations and amplitude of the proton current are primarily determined by the period and amplitude of the oscillations in ATP concentration. For the frequency range in Fig. 2 , the phase difference between the proton current and the oscillations in ATP remains fixed (see Fig. 3 ). Hence in the verbal analysis we ignore the effects of steps 12 and 13 in Fig. 5 on the proton current (but do not in the numerical analysis).
The periodic variation in the proton current initiates a periodic response in the rate of change of the membrane potential (step 3), and in turn the temporal variations in this quantity are fed back onto itself through the feedback loops in the mechanism for transport of the ions other than protons (steps 4-11 in Fig. 5 ). These feedback loops introduce the autonomous frequency of the damped oscillations shown in Fig. 4 .
The oscillatory decay of the total ion current is present even in the absence of the crucial ATPase of the proton pump. To explain these oscillations and the behavior associated with the feedback loops (either with or without ATPase), we begin with the fact that the resting potential for potassium, VK, has a positive value, whereas the resting potential for calcium, VCa, has a negative value. Now suppose that the potential is positive and increasing. It follows from Eqs. 2.7 and 2.9 for M. and N that the fraction of open channels for both potassium and calcium decreases toward zero. 
.3).
The characteristics of the feedback loops for the potassium and calcium ion currents determine the phase difference between the total current and proton current and the phase difference between the proton current and potential, which in turn determines the efficiency. We now examine these relationships at specific frequencies of ATP oscillations.
At a frequency of perturbation approximately the same as the intrinsic frequency associated with the transport of ions other than protons (broken curves in Fig. 3) , the potassium and calcium currents vary on a time scale comparable to that of the proton current. However, the extrema in the potassium and calcium currents follow those of the proton current due to the lag caused by the relaxation of M, the fraction of open potassium channels; for example, the potassium current continues to increase until a sufficient number of channels close. Consequently, the minima in the proton current precede those of the total current, which also implies that the potential follows the proton current by a phase that is greater than ir/2. (See Fig. 3 ; the maxima of the proton current also precede those of the total ion current in time, but this time interval is too short to observe in the figure.) These phase relations lead to an efficiency less than that in the steady state, as a greater number of protons are pumped against the membrane potential when it is less than its average value.
Upon decreasing the frequency below that of the intrinsic frequency (solid curves in Fig. 3 ), the period of perturbation becomes larger than the time scale of relaxation of the potassium and calcium currents of the autonomous system. This increase in period allows M to respond more closely to changes in the potential. Consequently, as the frequency of perturbation is decreased, the phase difference between the proton current and the total current decreases and then changes sign. Eventually, the situation is reached in which the proton current follows the total current with a phase difference of ir/2. The proton current is then in phase with the membrane potential, which results in a greater efficiency in power production than that of the steady-state mode, as more charge is transported against the membrane potential when the potential is greater than its average value. t   FIG. 5 . Sketch of the feedback loops in the system consisting of a proton pump, calcium and potassium ion currents, and a leakage current.
tThe response of the proton pump becomes more complicated for certain frequency ranges in which several different peaks occur in the time series for the total current. For example, at a frequency of perturbation approximately half that of the relaxation frequency of the autonomous system, two extrema in the total current, and therefore also in the potential, occur for every extremum in the proton current.
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Insight into the benefits of an increased efficiency can be gained by examining the variation of components of the expression for efficiency (Eq. 3.1), as the frequency of perturbation is decreased from w = wo to the value at which a maximum occurs in the relative efficiency. The average work done per unit time in moving the protons against the membrane potential, as well as the average value of the potential, increases throughout this frequency range, and both are greater than their steady-state values. Furthermore, the power released through hydrolysis decreases (the decrease is less than the increase in the average electrical work done per unit time). This decrease is due to the decrease in the rate of hydrolysis which is caused by the decrease in the rate of the charge-translocation step which in turn is caused by the increase in the membrane potential. Consequently, there is more electrical work per unit time produced, at a larger average membrane potential, which is available to certain secondary transport systems for use in transporting solutes across the membrane at a faster rate than in the steady state and at a lower rate of consumption of ATP. Such systems may involve charged carriers or conformational changes dependent on the membrane potential, but must not be stoichiometrically restricted (for example one proton required for each molecule transported).t In this case the major contribution to the increased electrical power output of the pump is the phase relation between the membrane potential and the pump current and not the increase in the membrane potential.
A larger average potential may be advantageous for attaining a threshold for transporting a given species, which then may be transported across the membrane in the oscillatory mode but not in the steady-state mode.
